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S�integral solutions to a Weierstrass equation

par Benjamin M�M� de WEGER

R�esum�e� On d�etermine les solutions rationnelles de l��equation
diophantienne y� � x� � ���x� �	� dont les d�enominateurs sont
des puissances de �� On applique une id�ee de Yuri Bilu
 qui �evite
le recours �a des �equations de Thue et de Thue�Mahler
 et qui
permet d�obtenir des �equations aux 
S�� unit�es �a quatre termes
dot�ees de propri�et�es sp�eciales
 que l�on r�esout par la th�eorie des
formes lin�eaires en logarithmes r�eels et p�adiques�

Abstract� The rational solutions with as denominators powers
of � to the elliptic diophantine equation y� � x� � ���x � �	�
are determined� An idea of Yuri Bilu is applied
 which avoids
Thue and Thue�Mahler equations
 and deduces four�term 
S��
unit equations with special properties
 that are solved by linear
forms in real and p�adic logarithms�

�� Introduction

In a recent paper �SW��� my colleague R�J� Stroeker and I determined the
complete set of solutions in rational integers to the diophantine equation

��y� � �	 
 �x��x� � �	��Q	

The quartic diophantine equation �Q	 can be seen as a model of an elliptic
curve� In our solution methods we did not use that viewpoint� but rather
worked algebraically� Recently N� Tzanakis �T� has shown how the elliptic
logarithms method of Stroeker and Tzanakis �ST�� originally designed for
Weierstrass models of elliptic curves only� can be adapted to the situation
of a quartic model for an elliptic curve� and in fact he chose equation �Q	
as one of the examples to illustrate his ideas�

We stress that the problem of integral points on elliptic curves is not
a well de�ned problem� in contrast to the problem of rational points� Bi

rational transformations between di�erent models of the same curve do
respect the concept of rational point� but not that of integral point� in an
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essential way� Therefore one should speak of integral solutions to elliptic
equations� rather than of integral points on elliptic curves�

When Stroeker and I worked on equation �Q	� we also computed �as kind
of a standard procedure when dealing with an elliptic curve	 the Weierstrass
equation of the elliptic curve it represents� being

y� 
 x� � ���x � �����W	

We did a limited search for integral solutions� and found that there is a
large� but of course �nite� number of them� Thus we found it a natural
question to ask for all the integral solutions to equation �W	� and the re

marks in the previous paragraph show that this problem is entirely di�erent
from that of solving equation �Q	� This paper solves this problem� and in

deed a bit more� since it turned out to be not too much additional work to
determine the complete set of rational solutions to �W	 with only powers
of � in the denominators� i�e� the S
integral solutions for the prime ��

For determining the integral solutions the method of elliptic logarithms
�ST� �see also �GPZ��� �S�	 is e�cient� if a basis for the free part of the
Mordell
Weil group is known� However� a general method for this lat

ter problem has not yet been found� Moreover� a p
adic analogue of this
method� that would be needed for the S
integer solutions� is not yet fully
available� mainly due to the fact that there is not yet a fully explicit theory
of linear forms in p
adic elliptic logarithms� analogous to the excellent work
of S� David �D�� For the rank � case however this has recently been done
�RU�� When a lower bound for p
adic elliptic logarithms can be calculated
and the Mordell
Weil basis is known� then it is known how to proceed� see
Smart �S�� and Gebel� Peth�o and Zimmer �GPZ���

As we have a rank � curve here� for the S
integral solutions we have
to apply more or less classical ideas� One method would be to translate
the problem into Thue
 and Thue
Mahler equations� and treating those
with diophantine approximation methods� such as in �TW��� �TW��� An
alternative approach here is to use a new idea of Yuri Bilu �B�� �BH�� which
uses �ordinary� �non
elliptic	 linear forms in logarithms� but bypasses the
Thue �
Mahler	 equations� This last method is practical in our case� due
to the nice factorization over Q of the cubic polynomial in �W	� and it is
this method we use in this paper� This seems to be the �rst time such a
method is used for S
integral solutions�

We did work out the details for the other methods �elliptic logarithms
for the integral solutions and Thue
Mahler equations for the S
integral
solutions	 too� but as this yields only routine proofs of the same results� we
omit details of these proofs�
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As a general conclusion of this paper we might state that Bilu�s method
can be practical and e�cient� also p
adically� but only in special cases�

All the computations reported in this paper have been done on a ���
personal computer� We used our own multi
precision routines� for the al

gebraic number �eld data we used Pari �����

We now state our main result�

Theorem �� The only rational solutions to the Weierstrass�equation

y� 
 x� � ���x� ����W	

of which the denominators of x and y are powers of �� are the following ���

x �y
��� 	������ ��� �������

��� ��
��	 ��
��� 	�
�� ��
���� ������

� ��
	���� ������

x �y
	 �
�� �
�	 ��
�� ��
����� ������

�	 ���
�� ���

x �y
�� ���
�	 ���
��� � ���
������ �� ������

��	 �� ���
��	 �� ���

��	 ��� ��� ��� ��	

�� Preliminaries

We rewrite the problem of rational solutions to �W	 with powers of � as
denominators to the equation

y� 
 �x� ��k��	�x� � ��k��x� �� � ��k��	��W�	

where x� y � Z and k � Z��� We may assume that

k 
 � or ord��x	 � ����	

since if �x� y� k	 is a solution with �jx and k � �� then also � �
�
x� �

	
y� k � �	

is a solution�
The right hand side of �W�	 being a square� thus being � �� implies

��� � �
p
�	��k � x � ��k�� or x � ��� � �

p
�	��k�

Let d be the squarefree part of x� ��k�� such that the sign of d equals the
sign of x���k��� Then d is also the squarefree part of x����k��x������k���
and it has the same sign� Now� by �W�	 we can write�

x� ��k�� 
 du��
x� � ��k��x� �� � ��k�� 
 dv�
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for some u� v � Z��� Further� dj�x� ��k��	�x� ��k��	� �x� � ��k��x� �� �
��k��	 
 �� � ��k��� hence �d � f�� �� �� �� �� ��� ��� ��g� Substituting the
�rst equation into the second we �nd

�� � ��k�� � du�	� � ��� � ��k��	� 
 dv����	

Equation ��	 is of the type X� � �Y � 
 dZ��
If d � f�������������� �� �� �� ��g� then this equation has no solutions�
as is easily shown�

If d � � and k 
 � then ��� � �
p
�	 � x � �� which only leaves the

solutions with x 
 ��������������� �� �� It follows that if k 
 � then we
may assume that x � d�� � �

p
�e 
 ���

If d � f������ ��� ��g and k � � then x � ��k�� 
 du� and ��	 imply
that u is odd� It follows that ord��� � ��k�� � du�	 
 �� hence the left
hand side of ��	 has �
adic order equal to �� But ord��dv

�	 is odd� which
is contradictory�

If d 
 �� and k � � then we �nd from ��	 that ��u� � ��v� �mod ��	�
Since �� is not a quadratic residue �mod ��	� this implies �ju and �jv�
leading to a contradiction with ��	�

If d 
 � and k � � then clearly �jv� hence put v 
 �w� Then ��	 leads
to ���k�� � u�	�� ����k��	� 
 �w�� By ��	 we infer that u is odd� and then
we see that � � �w� �mod �	� which is impossible�

Finally� if d 
 � then we derive from ��	 that�
� � ��k�� � u� � v 
 �a �b�
� � ��k�� � u� � v 
 ��k���a ���b�

where a� b � Zwith � � a � �k�� and � � b � �� This system is equivalent
to �

� � ��k�� � u� 
 �a�� �b � ��k���a ���b�
v 
 �a�� �b � ��k���a ���b�

This immediately shows that � � a � �k � ��
If � � a � �k � � then u is even� hence �jx� which contradicts ��	� If

a 
 � then � � v 
 �b � ��k�� ���b� which implies ��k�� � ��b�� � ��� and
thus k 
 �� Clearly the only solution in this case is �u� v	 
 ��� �	� leading
to the solution with x 
 ��� Hence we may assume that a 
 �k � �� and
thus

� � ��k�� � u� 
 ��k�� �b � ���b�

If b 
 � then u� � � �mod �	� which is impossible�
If b 
 � then �ju� so put u 
 �t� Then we obtain ��k����t� 
 ����k�����

which is impossible �mod �	�
If b 
 � then again �ju� so we put u 
 �t� leading to ��t� � �	 


��k�����k � �	� and it follows that ��k��j�t� �	�t� �	� By t � � there is an
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integer � � � such that t 
 �� � ���k� This implies ��k�� 
 �����
�����

� which
is easily seen to have only one solution� � 
 �� k 
 �� leading to t 
 �� so
that �u� v	 
 ��� ��	� leading to x 
 ������

If b 
 � then we have u� � � 
 � � ��k���� � ��k � �	� and it follows
that ��k��j�u � �	�u � �	� By u � � there is an integer � � � such that
u 
 �� � ���k� and this implies ��k�� 
 ����

�����
� which is easily seen to

have only three solutions� � 
 �� k 
 � and � 
 �� k 
 �� both implying
�u� v	 
 ��� ��	� and leading to the solution with x 
 ��� and � 
 �� k 
 ��
implying �u� v	 
 ���� ���	� leading to the solution with x 
 �������

This completes the treatment of the case d 
 ��

�� Bilu�s idea

We now have the following situation�

x� ��k�� 
 du����	

x� � ��k��x� �� � ��k�� 
 dv���	

for some u� v � Z��� and with either k 
 �� d � f�� ��� ��g� x � ��� or
k � �� d 
 ���� ��� � �

p
�	��k � x � ��k��� We factor equation ��	 over

Q��	 for � a root of x� 
 �� and one of its factors can be written as

x� ��k�� � ��k���� 
 �	����	

where � is squarefree� d is the squarefree part of N�� and � is determined
up to squares of the fundamental unit � � ��� Thus there are only a few
possibilities for �� and we have to �nd them all�

In Q��	 we denote conjugation by a bar� so � 
 ��� We have the following
decompositions�

� 
 �� � ��	�� � ��	� � 
 �� � �	��� � ��	�����	

� 
 �� � �	��� � ��	��� � 
 ��� � �	�� � �	�

with � � �� � � �� � � � and �� � being non
associated primes�
Let 
 be a prime dividing �� If it divides also �� then it divides �	� �

�	
�

 ��k����� so 
 
 � � � or 
 
 � � �� If 
 does not divide �� then by

dv� 
 ���			� we see that ord��d	 has the same parity as ord���	� which
is �� since � is squarefree� Thus 
 divides d� Hence we �nd� using also that
� � �� that

� 
 �� � ��	p�� � �	q�� � �	r�� � �	s��� � �	t

for p� q� r� s� t � f�� �g� with �s� t	 �
 ��� �	� Since d is the squarefree part of
N� 
 �q�r���	s�t� we �nd that actually d 
 N�� This leaves the following
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possibilities �where we sometimes take the freedom of adding a multiple of
� to p	�

d p q r s t �
� � � � � � � � �

�� � � � � �� �
�� � � � � � � � ��

�� � � � � �� �
� � � � � � � �

�� � � � � �� ��

d p q r s t �
�� �� � � � � �� � ��

�� � � � � � � �
� � � � � �� � ��

�� � � � � �� �
��� � � � � � � � ��

�� � � � � �� � ��
� � � � � � � ��

�� � � � � �� � ��

We get rid of the cases � 
 �� ��� � 
 ��� ��� � 
 �� � ��� by noting
that the quadratic equation obtained from comparing the coe�cients of �
in x� ��k�� � ��k���� 
 ��A�B�	� �from inserting 	 
 A�B� in ��		 is
impossible �mod �	� For example� in the case � 
 ����� this equation is
�A� � �AB � ��B� 
 ��k���� which is equivalent to ��A � �B	� � ��B� 

��k���� which is impossible modulo ��

For � 
 � � �� � � �� � � �� � � �� we take in ��	 the conjugate in Q��	�
Then we have to replace 	 by 	 �which is allowed because it is a variable	�
and replace the parameters � and � by their conjugates � and ���

Thus we are left with only four values for �� namely � 
 �� �� �� �� ��
�� ����� and for each of them we have the case of � remaining as it is� and
the case of � replaced by ���

Now we eliminate x from ��	 and ��	� and we �nd

du� � �	� 
 ���k������ �	���	

the � corresponding to the cases as described in the preceding paragraph�
Bilu�s idea �cf� �B�� �BH�	 now is that this equation� multiplied by d� factors
over the quartic �eld K 
 Q��	� where � satis�es �� 
 d�� Then from
the four di�erent conjugates of these factors we can eliminate the variables
u � Z and 	 � Q��	� and obtain a four
term �S
	 unit equation with special
properties�

�� The quartic �eld for d 
 �

Let � be a root of x���x��� 
 �� Then � 
 ������� � 
 ���� satisfy
�� 
 �� 
 ��� � �	� �� 
 �� The �eld K 
 Q��	 
 Q��	 has discriminant
����� 
 ��� ��� integral basis f�� �� ��� ��g� trivial class group� Galois group
D � � a set of fundamental units is


 
 �� �� � �� � ��� � 
 ��� � � ��� � ��� � 
 �� � � ��� � ���
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and ������ 
 ���� is the fundamental unit of the quadratic sub�eld Q��	�
We have the following relevant decompositions into primes�

� � � 
 p�
������� with p 
 � � ��
� � � 
 q�������� with q 
 ��
� � � 
 r�r�� with r� 
 �� �� r� 
 � � ��
�� � 
 �r�� with r� 
 �� ���

There is a nontrivial Q��	
automorphism � of K � de�ned by �� 
 ��� It
acts as follows on the numbers de�ned above�

�� 
 ��� �
 
 
��� �� 
 ��� �� 
 ���

�p 
 p
� �q 
 �q� �r� 
 r�� �r� 
 r�� �r� 
 r��

From ��	 with � � � in the right hand side we �nd� by ��	 and k 
 ��
that

��u	� � ��	� 
 ����� � �	 
 p�q	r�

��������

and hence we �nd for its two factors

�u� �	 
 �paqbrc�
l�m�n�

�u� �	 
 ���u � �		 
 ����	b�m�npaqbrc�

a�l�n�m

for some a� b� c � Z��� l�m� n � Z� On multiplying it follows at once that
�c 
 �� which is impossible�

From ��	 with � � � in the right hand side we �nd� by ��	 and k 
 ��
that

��u	� � ��	� 
 ����� � �	 
 �p�q	r�r�
��������
and hence

�u� �	 
 �paqbrc�rd�
l�m�n�

�u� �	 
 ���u � �		 
 ����	b�m�npaqbrd�r
c
�


a�l�n�m

for some a� b� c� d � Z��� l�m� n � Z� It follows at once that a 
 �� b 
 ��
�c� d	 
 ��� �	 or ��� �	� n 
 �m��� Because of symmetry we may disregard
without loss of generality one of the cases for �c� d	� So we take c 
 �� d 
 ��
and hence we obtain

�u� �	 
 ��
l����	m���	

where � 
 p�q�r��
�� 
 ���������������� and ��� 
 ��������������

Notice that we intend to show that there are only the following solutions
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to ��	�
x u 	 l m �
�� � � � �� �
�� � �� � � � �� �
��� � �� �� � �� �

������ ��� ���� � ���� � � �

�� The quartic �eld for d 
 ��

Let � be a root of x� � �x� � �� 
 �� Then � 
 ��� � ��� � 
 �� � ��

satisfy �� 
 ��� 
 ���� � �	� �� 
 �� The �eld K 
 Q��	 
 Q��	 has
discriminant ����� 
 ������� integral basis f�� �� ��� ��g� trivial class group�
Galois group D � � a set of fundamental units is


 
 �� �� � �� � ��� � 
 �� � ���� � 
 �� � ��� � ���

and � 
 �� �� is the fundamental unit of the quadratic sub�eld Q��	� We
have the following relevant decompositions into primes�

� � � 
 p�
��� with p 
 ��� � � ���
� � � 
 �q�q�� with q� 
 ��� �� q� 
 �� � ��
� � � 
 �r�� with r� 
 �� ���
�� � 
 �r��
�������� with r� 
 � � � � ��� � ���

There is a nontrivial Q��	
automorphism � of K � de�ned by �� 
 ��� It
acts as follows on the numbers de�ned above�

�� 
 ��� �
 
 �
��� �� 
 �� �� 
 �����
�p 
 �p
�� �q� 
 q�� �q� 
 q�� �r� 
 r�� �r� 
 r�


������

From ��	 with � � � in the right hand side we �nd� by ��	 and k 
 ��
that

���u	� � ��	� 
 ������ �	 
 �p	q��q��r�r��
�������

and hence�
��u� �� � �paqb�q

c
�r

d
�r

e
��

l�m�n�

��u� �� � 	
��u� ��� � �
���a�l�npaqc�q
b
�r

d
�r

e
��

a�e�l�m�a�e�n�
��	

for some a� b� c� d� e � Z��� l�m� n � Z� It follows at once that �d 
 �� which
is impossible�

From ��	 with � � � in the right hand side we �nd� by ��	 and k 
 ��
that

���u	� � ��	� 
 ����� � �	 
 �p	q��q��r��r��
����

and hence we �nd again ��	 for some a� b� c� d� e � Z��� l�m� n � Z� Now it
follows at once that a 
 �� �b� c	 
 ��� �	 or ��� �	 or ��� �	� d 
 �� e 
 ��
m 
 �� l�n � � �mod �	� Because of symmetry we may disregard without
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loss of generality one of the cases ��� �	� ��� �	 for �b� c	� So we take either
b 
 �� c 
 � or b 
 �� c 
 �� and hence we obtain

��u� �	 
 ��
l�n����	

where � equals �� 
 p�q��r�r� 
 ���� � ��� � ����� � ���� or �� 

p�q�q�r�r� 
 ��� � ���� � ����� � ������ Notice that we intend to show
that there are only the following solutions to ���	�

x u 	 � l n �
�� � � � � �� � � �
�� � � � � �� � � �
�� � ��� � �� � � �
��� � � � �� �� � � �
��� � ��� �� �� � � �

Solutions for � 
 �� occur in pairs� because ��� 
 ��

���� so if �l� n	 is a

solution� then so is ��� l� �� n	�

	� The quartic �eld for d 
 ��

Let � be a root of x� � ��x� � �� 
 �� Then � 
 ���� � ��� � 
 �� ��

satisfy �� 
 ��� 
 ���� � �	� �� 
 �� The �eld K 
 Q��	 
 Q��	
has discriminant ������ 
 ������� integral basis f�� �� ��� ��g� trivial class
group� Galois group D � � a set of fundamental units is


 
 ��� � �� � ���� � 
 �� � ���� � 
 ��� ��� � ��� � ����

and ��� 
 � � �� is the fundamental unit of the quadratic sub�eld Q��	�
We have the following relevant decompositions into primes�

� � � 
 p������ with p 
 � � ��
� � � 
 �q�
���� with q 
 �� � ��
� � � 
 r�� with r� 
 �� ���
�� � 
 �r��
��� with r� 
 �� � � � ���

There is a nontrivial Q��	
automorphism � of K � de�ned by �� 
 ��� It
acts as follows on the numbers de�ned above�

�� 
 ��� �
 
 
��� �� 
 �� �� 
 ����

�p 
 p�� �q 
 �q
���� �r� 
 r�� �r� 
 r�

���

From ��	 with � � � in the right hand side we �nd� by ��	 and k 
 ��
that

���u	� � ��	� 
 ������ � �	 
 �p	q	r�r��
��
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and hence�
��u� �	 
 �paqbrc�rd�
l�m�n�

��u� �	 
 ����u� �		 
 ����	bpaqbrc�rd�
b�d�l�m�a�b�n�
���	

for some a� b� c� d � Z��� l�m� n � Z� It follows at once that �c 
 �� which
is impossible�

From ��	 with � � � in the right hand side we �nd� by ��	 and k 
 ��
that

���u	� � ��	� 
 ������ � �	 
 p	q	r��r
�
�


��

and hence we �nd again ���	 for some a� b� c� d � Z��� l�m� n � Z� It follows
at once that a 
 �� b 
 �� c 
 �� d 
 �� m 
 �� Hence we obtain

��u� �	 
 ��
l�n����	

where � 
 p�q�r�r� 
 ��� � ���� � ����� � ���� Notice that we intend to
show that there are only the following solutions to ���	�

x u 	 l n �
�� � � � � �
�� � �� � � �
��� � ��� � � � �� �
��� � ��� � � � �

Solutions occur in pairs� because �� 
 �
�� so if �l� n	 is a solution� then so
is ��� l��n	�


� The quartic �eld for d 
 ���
Let � be a root of x� � �x� � �x� � �x� � 
 �� Then � 
 ��� � ��� �

���� � ���� � 
 � � � � �� satisfy �� 
 ���� 
 ����� � ��	� �� 
 �� The
�eld K 
 Q��	 
 Q��	 has discriminant ����� 
 ������� integral basis
f�� �� ��� ��g� trivial class group� Galois group D � � a set of fundamental units
is


 
 �� �� � ���� � 
 �� � � � ���

and 
�� 
 � � �� is the fundamental unit of the quadratic sub�eld Q��	�
We have the following relevant decompositions into primes�

� � � 
 p�p�

��� with p� 
 �� �� p� 
 ��

� � � 
 q����� with q 
 �� � �� � �� � ���
� � � 
 �r�� with r� 
 ��� � � ���
�� � 
 r��
�

�� with r� 
 �� � �� � ��� � ���
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There is a nontrivial Q��	
automorphism � of K � de�ned by �� 
 �� �� It
acts as follows on the numbers de�ned above�

�� 
 ��� �
 
 
� �� 
 ����

�p� 
 p�� �p� 
 p�� �q 
 q���� �r� 
 r�� �r� 
 �r�����
From ��	 with �� � in the right hand side we �nd� by ��	� that

���u	� � ��	� 
 ���� � �	 
 p�k��� p�k��� q	r�r
�
�

��k������

and hence we �nd�
��u � �	 
 �pa�pb�qcrd�re�
m�n�
��u � �	 
 ����u � �		 
 ����	epb�pa�qcrd�re�
m��c�e�n�

���	

for some a� b� c� d� e � Z���m� n � Z� It follows at once that �d 
 �� which
is impossible�

From ��	 with � � � in the right hand side we �nd� by ��	� that

���u	� � ��	� 
 ���� � �	 
 �p�k��� p�k��� q	r��r
�
�

��k������

and hence we �nd again ���	 for some a� b� c� d� e � Z���m� n � Z� It follows
at once that a� b 
 �k � �� c 
 �� d 
 �� e 
 �� m 
 �k � �� Because of
symmetry we may assume a � b� Note that

���u 
 pa�p
b
�q

�r�r�

�k���n � pb�p

a
�q

�r�r�

�k������n�

and that u is odd �because of ��	 and ��		� and a� b � � �because k � �	�
Comparing p�
adic values� noting that ordp����	 
 �� it follows that a 

�� b 
 �k� Hence we obtain

��u� �	 
 ��
k�n����	

with � 
 p��q
�r�r�
 
 ��� � ���� � ���� � ����� and 
 
 p��


�� 
 �� � ���
satisfying 
�
 
 �� Notice that we intend to show that there are only the
following solutions to ���	�

x u k 	 n �
� � � �� �� �� �
�� � � �� � �� �� �

������ �� � ��� ��� �� �
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�� Linear forms in real logarithms

In the cases d 
 �� ��� �� we need only �real� arguments� We treat equa

tions ��	� ���	 and ���	 as follows� Write them as

du� �	 
 ��
l�h����	

where � 
 ���� h 
 m if d 
 �� and � 
 �� h 
 n if d 
 ��� ��� We apply
the Q��	
automorphism � to ���	� using d� u � Z� 	 � Q��	� so that �d 

d� �u 
 u� �	 
 	� On further noting that �� 
 ��� �
 
 s
��� �� 
 s����
where s 
 � if d 
 �� �� and s 
 �� if d 
 ��� and writing � 
 ��� we
obtain

du� �	 
 �sl�h�
�l��h����	

Adding ���	 to ���	� using that l � h is always odd in the case d 
 �� and
s 
 � in the cases d 
 �� ��� so that sl�h 
 s� we �nd

� du 
 �
l�h � s�
�l��h����	

and thus we have eliminated the unknown 	�
Now we notice that the quartic �eld K is totally real� We choose two

embeddings of K into R� denoting elements in one of these embeddings
without primes� and in the other one with primes� such that � � � � ���
Note that by � � �	 �� this determines all four embeddings� and also note
that now an embedding of Q��	 into R has been �xed�

We thus have two di�erent manifestations in R of equation ���	� one
written again exactly as ���	� and the other one being

� du 
 ��
�
l
� �

h
� s��
�

�l
� �
�h
����	

Hence now we can eliminate the unknown u from ���	 and ���	� and thus
get

�
l�h � s�
�l��h 
 ��
�
l
� �
h
� s��
�

�l
� �
�h
����	

For convenience we write this four term unit equation as I�II 
 III�IV �
Now an important observation is that I
II 
 s�� and III
IV 
 s����

are constant� Bilu�s original idea is to solve I from the quadratic equation
I� � �III � IV 	I � �� 
 �� We use a somewhat simpler idea� and work
directly with ���	� Namely� of the pair I� II only one can be large in
absolute value� and the same holds for the pair III� IV � So we either have
two of the four terms being large and two small� in which case we can apply
the theory of linear forms in logarithms� or all four terms are bounded� in
which case we can easily determine the solutions by hand�
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In each of the cases we look carefully at the signs of I� II� III� IV � and
thus determine which one is the largest in absolute value� We �nd�

case signs largest
d � � l odd I 
 � II � � III � � IV � � jII j
d � � l even I 
 � II � � III 
 � IV 
 � jI j
d � �� � � �� l odd I � � II � � III � � IV 
 � jIII j
d � �� � � �� l even I 
 � II 
 � III � � IV 
 � jIV j
d � �� � � �� l odd I 
 � II 
 � III 
 � IV � � jIII j
d � �� � � �� l even I � � II � � III 
 � IV � � jIV j
d � �� l odd n odd I 
 � II � � III � � IV � � jII j
d � �� l odd n even I 
 � II � � III 
 � IV 
 � jI j
d � �� l even n odd I � � II 
 � III � � IV � � jI j
d � �� l even n even I � � II 
 � III 
 � IV 
 � jII j

In each case we distinguish four subcases�

subcase �� jIj � jIIj and jIIIj � jIV j�
subcase �� jIj � jIIj and jIIIj � jIV j�
subcase �� jIj � jIIj and jIIIj � jIV j�
subcase �� jIj � jIIj and jIIIj � jIV j�

Note that half of the subcases lead to contradictions� e�g� if d 
 �� l odd�
then jIIj � jIj� so then only subcases � and � occur�

Put c� 
 j��j � j����j� In subcase � we now have

jI � IIIj 
 jIV � IIj � jIIj� jIV j 
 j��j
jIj �

j����j
jIIIj �

Then we �nd

if jIj � jIIIj then jIII�I � �j � c�jIj��jIIIj������	

if jIj � jIIIj then jI�III � �j � c�jIj��jIIIj������	

Analogously� in subcase � we �nd

if jIj � jIV j then jIV�I � �j � c�jIj��jIV j������	

if jIj � jIV j then jI�IV � �j � c�jIj��jIV j������	

And in subcase � we �nd

if jIIj � jIIIj then jIII�II � �j � c�jIIj��jIIIj������	

if jIIj � jIIIj then jII�III � �j � c�jIIj��jIIIj������	

Finally� in subcase � we �nd

if jIIj � jIV j then jIV�II � �j � c�jIIj��jIV j������	

if jIIj � jIV j then jII�IV � �j � c�jIIj��jIV j������	
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The left hand side of each of these inequalities ���	 � ���	 is of the form
je
� �j � � � � � where � is a linear form in logarithms of algebraic numbers�
namely

in case ���	� � 
 log j����j � ���
in case ���	� � 
 log j����j����
in case ���	� � 
 log j����j � ���
in case ���	� � 
 log j����j����

in case ���	� � 
 log j����j ����
in case ���	� � 
 log j����j � ���
in case ���	� � 
 log j����j����
in case ���	� � 
 log j����j � ���

where �� 
 l log j
�
�j� h log j��� �j� �� 
 l log j

�j� h log j�� �j� Put N 

maxfjlj� jhjg� The theorem of �BW� implies the existence of an absolute
constant C such that

j�j � exp��C logN	����	

We will show that combining this with the appropriate equation from ���	
� ���	 leads to an absolute upper bound for N � For example� if d 
 ��
subcase �� then l is even� and we have jIj � jIIIj � jIV j� From these
inequalities it follows at once that there are only �nitely many solutions
with l � ��� and if l � ��� then N 
 �l� and c�jIj��jIIIj�� � ���� This
last inequality implies j�j � ����je
 � �j � ����c�jIj��jIIIj��� so ���	 and
���	 imply

log jIjjIIIj � log�����c�	 � C logN����	

Using jIIIj � jIV j and N 
 �l we compute constants c�� c
�
� such that

log jIjjIIIj � c�N � c������	

In general� for each of the inequalities ���	 
 ���	 we �nd by ���	 and ���	�
for large enough N � that

j�j � ����je
 � �j � exp�c� � c�N	����	

with c� 
 c�� � log�����c�	� Hence we obtain by ���	

c�N � c� �C logN����	

which at once implies an absolute upper bound for N �
A similar procedure works in all cases� We give some details for each case

below� We give in each case a condition to ensure that the right hand side
of the appropriate inequality from ���	 
 ���	 is � ���� which fails for only
�nitely many easily determined l� h� Sometimes we have to make a further
distinction between N 
 jlj and N 
 jhj� In the column marked �inequ��
we indicate which inequality we used to derive log jXjjY j � c�N � c�� for
X 
 I� II� Y 
 III� IV � The constant C is computed directly from �BW��
noting that we have linear forms in � logarithms of algebraic numbers in a
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�eld of degree �� The constant N� is the upper bound for N following from
���	�

d � subcase condition N inequ� C 
 c� 
 c� � c� 
 N�

� � l��� �l jIII j� jIV j �
���	� ���	 ��
��� �
���� ��
�	��� �
�	��� ����

� � l���� �l jIII j
 jIV j �
���	� ���	 ��
��� �
���� ��
�	��� �
�	��� ����

� � l� � l jIII j� jIV j �
���	� ���	 ��
��� �
���� �
���� �
�	��� ����

� 	 l� � l jIII j
 jIV j �
���	� ���	 ��
��� �
���� �
���� �
�	��� ����

�� �� � h� 	 h jI j� jII j �
���	� ���	 ���
�	 �
���� �
		�� 	
����� ����

�� �� � h��� �h jI j� jII j �
���	� ���	 ���
�	 �
���� ��
���� 	
����� ����

�� �� � l��� �l h� l�� �
���	� ���	 ���
�	 �
���� ��
���� 	
	���� ����

�� �� � h� 	 h jI j
 jII j �
���	� ���	 ���
�	 �
���� �
		�� 	
����� ����

�� �� � l� � l h� l�� �
���	� ���	 ���
�	 �
���� ��
��� 	
	���� ����

�� �� 	 h���	 �h jI j
 jII j �
���	� ���	 ���
�	 �
���� ��
���� 	
����� ����

�� �� � h� � h jI j� jII j �
	���� ���	 ���
�	 �
���� �
���� 	
����� ����

�� �� � h��� �h jI j� jII j �
	���� ���	 ���
�	 �
���� �	
���� 	
����� ����

�� �� � l��� �l h� l�� �
	���� ���	 ���
�	 �
���� ��
���� 	
����� ����

�� �� � h� � h jI j
 jII j �
	���� ���	 ���
�	 �
���� �
���� 	
����� ����

�� �� � l� � l h� l�� �
	���� ���	 ���
�	 �
���� �
���	 	
����� ����

�� �� 	 h���� �h jI j
 jII j �
	���� ���	 ���
�	 �
���� �	
���� 	
����� ����

�� � h��� �h jIII j� jIV j �
����� ���	 ���
�� 	
���� �
���� �
����� ����

�� � h��� �h jIII j
 jIV j �
����� ���	 ���
�� 	
���� �
���� �
����� ����

�� � l��� �l h� l��� �
����� ���	 ���
�� 	
���� ��
���� �
����� ����

�� � h� � h jIII j� jIV j �
����� ���	 ���
�� 	
���� �
���� �
����� ����

�� � l� � l h� l��� �
����� ���	 ���
�� 	
���� �
���� �
����� ����

�� 	 l� � h jIII j
 jIV j �
����� ���	 ���
�� 	
���� �
���� �
����� ����
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�� Real reduction

To reduce the upper bound N� for N we use computational diophantine
approximation techniques� as in previous sections� Let us write the linear
form � as � 
 ��� l���h��� We take C 
 ����� which is a bit larger than
N �

� � We introduce the lattice � 
 fAzjz � Z�g and the point y given by

A 


�
� �

�C��� �C���

�
� y 


�
�

��C���
�
�

Here ��� stands for rounding to an integer� Then we de�ne � � Z by

A
�

l
h

�
� y 


�
l
�

�
�

We computed ��� ��� �� to su�cient precision� To �� decimal places they
are�

d i �� ��
� �� � ������������� �������������
� �� � ������������� ������������
�� �� � ������������� �������������
�� �� � ������������� ������������
�� �� � ������������� �������������
�� �� � ������������ �������������

i d 
 � d 
 ��� � 
 �� d 
 ��� � 
 �� d 
 ��
� ������������ ������������� ������������� �������������
� ������������� ������������ ������������ ������������
� ������������� ������������ ������������ ������������
� ������������ ������������� ������������� �������������

Note that for the �� di�erent linear forms there are only � di�erent lattices�

Using the Euclidean algorithm we can easily compute a lower bound for
the distance d���y	 from y to the nearest lattice point in �� Then we have
j�j � p

d���y	� �N �
� � Further� notice that

j�� C�j � j�C���� C��j� jljj�C���� C��j� jhjj�C���� C��j � � � �N��

so that

j�j � �

C

�q
d���y	� �N �

� � �� � �N�	

�
�

If d���y	 is large enough� this gives an explicit lower bound for j�j� which
together with ���	 yields a reduced upper bound for N �
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The details for each case are as follows�

d � subcase d���y	 � reduced bound
� � ������ 
 ���� ��
� � ������ 
 ���� ��
� � ������ 
 ���� ��
� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� �� � ������ 
 ���� ��
�� � ������ 
 ���� ��
�� � ������ 
 ���� ��
�� � ������ 
 ���� ��
�� � ������ 
 ���� ��

Finally we checked equation ���	 directly for all N � ��� This revealed
only the known solutions� listed already in previous sections� This com

pletes the treatment of the cases d 
 �� ��� ���

�
� Linear forms in p�adic logarithms

In the case d 
 ��� we need almost only �p
adic� arguments� We start
with equation ���	� analogous to the beginning of our treatment in the
previous sections� as follows� We apply the Q��	
automorphism � to ���	�
using u � Z� 	 � Q��	� so that �u 
 u� �	 
 	� On further noting that
�� 
 ��� �
 
 �
��� �� 
 ���� and writing � 
 ��� we obtain

� ��u� �	 
 ���k
�k��n����	

Adding ���	 to ���	� we �nd

� ��u 
 �
k�n � ��k
�k��n����	

and thus we have eliminated the unknown 	�
At this point the main di�erence with the previous sections becomes

apparent� since now� due to the fact that 
 is not a unit� the product of the
two factors in the right hand side of ���	 is not constant� but is a constant
times �k� The idea now is that� though this is large in the archimedean
sense� it is small in the �
adic sense� so that we can try to transform the
arguments of the previous sections from the real to the �
adic realm�
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It is not di�cult to show that the Galois closure of the quartic �eld
K can be embedded into Q� ��	� so that we can embed K into the �eld
Q���	 in two di�erent ways �remember that � is de�ned by �� 
 �	� We
denote elements in one of these embeddings without primes� and in the
other one with primes� Then we have two di�erent manifestations in Q���	
of equation ���	� one written again exactly as ���	� and the other one being

� ��u 
 ��
�
k
��

n
� ���k
�

�k
��
�n
����	

Again we can eliminate the unknown u from ���	 and ���	� and thus get a
four term S
unit equation I � II 
 III � IV � namely

�
k�n � ��k
�k��n 
 ��
�
k
��

n
� ���k
�

�k
��
�n
����	

For the �
adic number a��a���a��
��� � � we use the notation ��a�a�a� � � � �

We choose conjugates as follows�

� 
 ������������ � � � � ������������ � � � ��
�� 
 �� � 
 ������������ � � � � ������������ � � � ��

�� 
 ������������ � � � � ������������ � � � ��
��� 
 �� �� 
 ������������ � � � � ������������ � � � ��

Then the following is true�

x ord��x	 ord���x	 ord��x
�	 ord���x

�	
� � � � �

 � � � �
� � � � �

And if x � Q� ��	 is written as x 
 a� b� for a� b � Q� � then x� 
 a� b��
so that x�x� 
 �b�� and ord��x�x�	 
 ord��b	 �

�
�
� With x 
 II� x� 
 IV

it follows that ord��I � III	 
 ord��IV � II	 � �k � �
�
� hence

ord��I�III � �	 � �k � k�����	

where k� 
 �
�
� ord���

�	 
 �
�
� Notice that here we have a linear form in

�
adic logarithms in disguise� It will be made explicit later on�
Now we apply the theory of linear forms in p
adic logarithms of algebraic

numbers� In fact� using

I�III 

�

��

�




�

�k � �

��

�n

�

Yu�s theorem �Y� implies

ord��I�III � �	 � ������ 
 ���� log��maxfk� jnjg	���	
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�we omit details� but note that we used the result Yu mentions in his Section
���� on page ��� of �Y�	�

To obtain an upper bound for the variables k and jnj from ���	 and
���	� we also need to study the complex embeddings of K � So now we
interpret equation ���	 as an equation in complex numbers� where we choose
conjugates as follows�

� 
 ������ � � � � �� 
 �� � 
 ������� � � � �
�� 
 �

�
� ������ � � � i� ��� 
 �� 
 �� �� 
 �

�
� ������ � � � i�

So we have I� II � R� and III� IV � C are complex conjugates� Using
j
�j 
 �� j��j 
 � we �nd�����I � ���

p
�� �	

I
�k
����� 
 jI � IIj 
 jIII � IV j � �jIIIj � ������ � �k�

since �� 
 ����p�� �	� This inequality implies ������ � �k � jIj � ������ �
�k� and we obtain the inequality

log�������	 � log j�j� k log 
�� � n log � � log�������	�

From log 
�� 
 ���� � � � � log � 
 ���� � � � � log���	 
 ���� � � � we immedi

ately obtain that if k � � then �k � n � �� hence maxfk� jnjg 
 k�

Inequalities ���	 and ���	 thus immediately imply

jnj � k � ������ 
 ��������	

��� p�adic reduction

In this �nal section we reduce the bound ���	 by making use of p
adic
computational diophantine approximation techniques� applied to inequality
���	� Put �� 
 log� I�III� If k � � then ���	 implies

ord���
�	 
 ord��I�III � �	 � �k � �

�
����	

Notice that �� 
 log� ���
� � k log� 
�


� � n log� ���
�� where we computed

log� ���
� 
 ������������ � � � �� log� 
�


� 
 ������������ � � � ��

log� ���
� 
 ������������ � � � ��

So if we put � 
 ��� log� ���
� 
 �� � k�� � n then it happens that ��� ��

are in Q� and are integral� in fact

�� 
 ������������ � � � � �� 
 ������������ � � � �

And we obtain from ���	 that

ord���	 
 ord���
�	� �

�
� �k � �����	
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For a positive integer �� let �
��� be the unique rational integer satisfying
� � �
��� � �� and ord���� � �
��� 	 � �� Consider the lattice � 
 fAzjz �
Z�g and the point y given by

A 


�
� �

�

��
� ��

�
� y 


�
�

��
���

�
�

Then it follows that ord���	 � � if and only if�
k
�n

�

 A

�
k
z

�
� y

for a z � Z� So the distance d���y	 from y to the lattice � can be at mostp
k� � n�� which is bounded by ���	� On the other hand� for each � this

distance can be computed easily by the Euclidean algorithm� In fact� we
can reach a contradiction when we choose � so that �� is of the magnitude
of the square of the upper bound�

We took � 
 ���� and computed
p
�k � p

k� � n� � d���y	 � ������ 

����� This contradicts ���	� and it follows that ord���	 � � � � 
 ����
which with ���	 yields a reduced upper bound� namely k � ����

Next we took � 
 ��� and computed
p
�k � d���y	 � ������� which

contradicts k � ���� Hence the upper bound reduces further to k � ��
Finally it�s trivial to determine the solutions with k � �� and our proof

is complete�
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